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NONSTANDARD MODEL CATEGORIES AND HOMOTOPY THEORY
LARS BRU¨NJES, CHRISTIAN SERPE´
Abstract. In order to apply nonstandard methods to questions of algebraic geome-
try we continue our investigation from [BS05] and show how important homotopical
constructions behave under enlargements.
1. Introduction
Modern algebraic geometry makes heavy use of categorical constructions. Therefore, in
order to apply nonstandard methods to algebraic geometry, in [BS05] we started to study
how such categorical constructions behave under enlargements. In the papers [BS04],
[BS07] and [BS08] we applied the results to constructions in algebraic geometry. In this
paper we want to continue the investigation of [BS05]. For reasons of why we consider
the use of nonstandard methods in algebraic geometry worthwhile, we refer the reader to
the introduction of [BS05].
Homotopical methods have become more and more important in algebraic geometry.
For instance, the higher K-groups of schemes are defined as homotopy groups of certain
simplicial sets, and the construction of Voevodsky’s A1-homotopy category makes heavy
use of the concept of Quillen model categories. Here we therefore want to investigate the
behaviour of these concept under enlargements.
We start in section 2 with general (strict) n-categories and their enlargements. Not
surprisingly, it turns out that this notion behaves well under enlargements.
After recalling some definitions, we study the enlargements of model categories in sec-
tion 3, and we show that the external and internal homotopy category of an internal
model category coincide.
In section 4 we consider simplicial sets. In general, the enlargement of a topological
space will not again be a topological space. But we will see that at least a *simplicial
set can be restricted to become a usual simplicial set. We show that there is a morphism
from the external to the internal homotopy group of an internal simplicial set.
In section 5 we study the K-theory of exact categories and their enlargements. Then,
now formulated in terms of ultraproducts, we construct a nontrivial morphism from the
K-theory of an ultraproduct to the ultraproduct of the K-theory.
2. Internal n-Categories
We work in ZFC with the additional assumption that any set is element of a universe
(compare [GV72][Exp. I.0]).
Recall that for a natural number n ∈ N0, a (small, strict) n-category A is given by the
following data (compare [Lei02]):
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• A diagram of sets
An
s //
t
// An−1
s //
t
// . . .
s //
t
// A1
s //
t
// A0,
where A0 is called the set of objects, A1 the set of morphisms and Am the set of
m-cells (for 0 ≤ m ≤ n), s is called source and t is called target,
• maps 1 : Am → Am+1, α 7→ 1α for m = 0, . . . , n− 1, called identity, and
• maps ◦p : Am ×Ap Am −→ Am, (α
′, α) 7→ α′ ◦p α for all 0 ≤ p < m ≤ n (where
the fibred product is taken with respect to sm−p and tm−p), called composition,
subject to the following conditions:
• ss(α) = st(α) = ts(α) = tt(α) for α ∈ Am, 2 ≤ m ≤ n,
•
s(α′◦pα) =
{
s(α) , m = p + 1
s(α′) ◦p s(α) , m ≥ p+ 2
and t(α′◦pα) =
{
t(α) , m = p+ 1
t(α′) ◦p t(α) , m ≥ p + 2
for 0 ≤ p < m ≤ n and α, α′ ∈ Am,
• s1α = α = t1α for α ∈ Am, 0 ≤ m < n,
• 1m−ptm−p(α) ◦p α = α = α ◦p 1
m−psm−p(α) for α ∈ Am and 0 ≤ p < m ≤ n,
• (α′′ ◦p α
′) ◦p α = α
′′ ◦p (α
′ ◦p α) for α
′′, α′ and α in Am with (α
′′, α′) and (α′, α)
in Am ×Ap Am and 0 ≤ p < m ≤ n,
• 1α′ ◦p 1α = 1α′◦pα for (α
′, α) ∈ Am ×Ap Am and 0 ≤ p < m < n and
• (β ′ ◦p β) ◦q (α
′ ◦p α) = (β
′ ◦q α
′) ◦p (β ◦q α) for (β
′, β) and (α′, α) in Am ×Ap Am
with (β ′, α′) and (β, α) in Am ×Aq Am and 0 ≤ q < p < m ≤ n.
Note that a 0-category is just a set and that a 1-category is an ordinary category.
For n ∈ N0 and n-categories C = 〈Am, s, t,1, ◦p〉 and D = 〈Bm, s, t,1, ◦p〉, a (covari-
ant) n-functor F : C −→ D is given by maps Am −→ Bm, α 7→ Fα for 0 ≤ m ≤ n that
commute with s, t, 1 and ◦p in the obvious way.
It is easy to see that we get a category n-Cat in this way whose objects are all small
n-categories and whose morphisms are n-functors.
Note that 0-Cat = Sets is just the category of sets, and 1-Cat = Cat is the category of
categories.
2.1. Definition. Let U be a set, and let n ∈ N0 be a natural number.
(i) A U-small n-category is an n-category 〈Am, s, t,1, ◦p〉 with Am ∈ U for all 0 ≤
m ≤ n.
(ii) n-Cat U is the full subcategory of n-Cat with objects the U-small n-categories.
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Note that for U a universe and n as above, n-Cat U is not U-small. For example,
0-Cat U is the category of U-sets, so the set of its objects is U 6∈ U. On the other hand,
if we choose a hierarchy U0 ∈ U1 ∈ U2 ∈ . . . of universes, then n-Cat
Un is Un+1-small for
all n ∈ N0.
Let S be a set of “individuals” with cardinality |S| ≥ |
⋃
n∈N0
Un|, and let ∗ : Sˆ −→ ∗̂S
be an enlargement.
Our discussion shows that the categories 0-CatU0 , 1-Cat U1, 2-CatU2 , . . . are all Sˆ-small
(in the sense of [BS05] if we consider the universes Ui as subsets of S and hence as
elements of S1 \ S), so we can consider their enlargements
∗[n-Cat Un] in ∗̂S which are
∗̂S-small categories.
2.2. Definition. For n ∈ N0, an n-*category is an object of n-
∗Cat := ∗[n-Cat Un], and
a (covariant) n-*functor F : C −→ D between n-*categories C and D is a morphism
C −→ D in n-∗Cat .
2.3.Proposition. n-∗Cat is the category whose objects are ∗Un-small internal n-categories
and whose morphisms are internal n-functors.
Proof. The objects of n-Cat Un are all tuples 〈Am, s, t,1, ◦p〉 with Am ∈ Un that satisfy the
conditions stated above. Since these conditions are obviously first order, transfer proves
the object part of the proposition. The morphism part is analogous but even simpler.
q.e.d.
In view of 2.3, we will from now on use the terms “internal n-categories” and “internal
n-functors” for n-*categories and n-*functors respectively (and drop “∗Un-small” from
the notation).
Note that 2.3 shows in particular that if C is a Un-small n-category, then ∗C is also an
n-category. Also note that — as n-Cat Un clearly has infinitely many objects — not all
internal n-categories are of the form ∗C for an n-category C .
For example, since 1-Cat U1 obviously contains the categories of finite dimensional vec-
tor spaces over Fp for all finite primes p, 1-
∗Cat contains the internal categories of *finite
dimensional FP -vector spaces for all infinite primes P ∈
∗
N0, and these categories are
clearly not of the form ∗C for any category C .
3. Internal Model Categories
Recall the notion of model category from [Qui69]:
A (small) model category is a quadruple 〈M ,W, F, C〉, with a small category M =
〈M0,M1, s, t,1, ◦〉 and sets of morphisms W,F,C ⊆ M1, subject to the following condi-
tions:
• All finite limits and colimits exist in M ,
• ∀X ∈M0 : 1X ∈ W ∩ F ∩ C,
• ∀X ∈ {W,F,C} : ∀(f, g) ∈ X ×M0 X : fg ∈ X ,
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• ∀(f, g) ∈M1 ×M0 M1 :
[
fg ∈ W ∧ (f ∈ W ∨ g ∈ W )
]
=⇒ {f, g} ⊆W ,
• ∀X ∈ {W,F,C} : ∀(r, i), (r′, i′) ∈M1 ×M0 M1 : ∀f ∈M1 : ∀g ∈ X :[
si = sf = tr∧si′ = tf = tr′∧sg = ti∧tg = ti′∧ri = 1si∧r
′i′ = 1si′
]
=⇒ f ∈ X ,
• ∀(p, f) ∈ F ×M0 M1 : ∀(g, i) ∈ M1 ×M0 C :
[
tp = tg ∧ si = sf ∧ (i ∈ W ∨ p ∈
W )
]
=⇒
∃h ∈M1 : sh = ti ∧ th = sp ∧ hi = f ∧ ph = g,
• ∀f ∈M1 :
[
∃(p, i) ∈ (F∩W )×M0C : f = pi
]
∧
[
∃(p, i) ∈ F×M0(C∩W ) : f = pi
]
.
If M is a category, then a triple 〈W,F,C〉 of classes of morphisms of M is called a
model structure on M if 〈M ,W, F, C〉 is a model category.
By definition, aQuillen functor between model categories 〈M ,W, F, C〉 and 〈M ′,W ′, F ′, C ′〉
is an adjunction 〈L,R, ϕ〉 between M and M ′ satisfying
• ∀c ∈ C : Lc ∈ C ′ and
• ∀f ∈ F ′ : Rf ∈ F .
A natural transformation between Quillen functors 〈L,R, ϕ〉, 〈L′, R′, ϕ′〉 : M −→ M ′
is just a natural transformation from L to L′.
We chose to put the definition in this — admittedly not very readable — way in order
to show that everything (except maybe the first condition) is first order. That also this
first condition on the existence of finite limits and colimits is first order was explained in
detail in [BS05].
3.1. Definition. Call a model category 〈M ,W, F, C〉 U1-small if M , the underlying
category, is U1-small, and let ModCat
U1 be the 2-category with U1-small model categories
as objects, Quillen functors as morphisms and natural transformations between Quillen
functors as 2-cells.
ModCat
U1 is obviously U2-small and hence an object of 2-Cat
U2 . Put ∗ModCat :=
∗[ModCat
U1]. This is an object of 2-∗Cat and hence by definition an internal 2-category
— call its objects ∗model categories, its morphisms *Quillen functors and its 2-cells *nat-
ural transformations.
3.2. Proposition. ∗ModCat is the 2-category having ∗U2-small internal model categories
as objects, internal Quillen functors as morphisms and internal natural transformations
as 2-cells.
Proof. By transfer, an object of ∗ModCat is a quadruple 〈M ,W, F, C〉 with M a ∗U1-small
category, subject to the transferred version of the conditions defining a model category.
Since these conditions are first order, the object part of the proposition follows. The rest
follows from [BS05], where we show that adjunctions and natural transformations are first
order.
q.e.d.
3.3.Remark. Examples of 2-categories whose structure is defined by first order conditions
abound and can be treated in a similar way: In [BS05] we have seen (although in a
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slightly different setup) that the 2-categories of additive, abelian, triangulated categories
and posets as well as those of (additive, abelian, triangulated) fibrations all belong to that
category.
Another example is the 2-category of exact categories that we will need for our treatment
of algebraic K-theory below.
In all these cases, the analogue of 3.2 holds: *Additive categories are precisely the
(small) internal additive categories, *abelian categories are precisely the (small) internal
abelian categories, and so on.
Because of 3.2, we will refer to *model categories, *Quillen functors and *natural trans-
formations as internal model categories (again dropping “∗U1-small” from the notation),
internal Quillen functors and internal natural transformations respectively.
Before we can formulate the next result, we have to recall some more definitions and
facts from the theory of model categories. Let 〈M ,W, F, C〉 be a model category.
• Since M has all finite limits and colimits, it in particular has a terminal and an
initial object, which we denote by ∗ and ∅ respectively.
• An object X of M is called cofibrant if the unique morphism ∅ −→ X is in C,
and fibrant if the unique morphism X −→ ∗ is in F .
• For all objects X in M , there is a morphism QX −→ X in F ∩ W with QX
cofibrant and a morphism X −→ RX in C∩W with RX fibrant. (It follows from
the axioms that RQX is both fibrant and cofibrant.)
• Let A and X be cofibrant respectively fibrant objects of M , and let f, g ∈
MorM (A,X) be morphisms. Then f and g are called homotopic, f ∼ g, if there
exists a commutative diagram
A
i0
""E
EE
EE
EE
EE
EE
EE
EE
1A

f
))RR
RRR
RR
RRR
RR
RRR
RRR
RRR
RRR
RR
RR
A I
H //poo X
A
i1
<<yyyyyyyyyyyyyyy
1A
OO
g
55llllllllllllllllllllllllllll
in M with p ∈ W . Homotopy is an equivalence relation, and the set of equiva-
lence (or homotopy) classes MorM (A,X)/ ∼ is denoted by pi(A,X).
By transfer, we get corresponding notions of *(co-)fibrant objects and *homotopic mor-
phisms for internal model categories.
3.4. Proposition. Let M = 〈M ,W, F, C〉 be an internal model category, let A and X be
objects of M with A *cofibrant and X *fibrant, and let f, g : A −→ X be morphisms in
M .
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Then A is cofibrant, and X is fibrant, and f and g are *homotopic if and only if they
are homotopic. In particular, the set of *homotopy classes equals pi(A,X), the set of
homotopy classes.
Proof. This is easy, because the *terminal object of M is the terminal object, the *initial
object is the initial object, and the condition defining homotopy is obviously first order.
q.e.d.
By definition, the homotopy category Ho(M ) of a model category 〈M ,W, F, C〉 is the
localization M [W−1] of M by the set W . By transfer, we get the notion of the *homotopy
category ∗Ho(M ) of an internal category 〈M , F, C,W 〉, which is the *localization of M
by W .
Note that for an arbitrary internal category C , it will not be true that its *localization
by an (internal) set W of morphisms agrees with its localization by W , because in general
the morphisms in the localization are finite words built from morphisms in C and formal
inverses of morphisms in W , whereas words in the *localization can be of *finite length
and do not have to be finite.
Nevertheless, the situation is much better with model categories, as the next result
shows:
3.5. Theorem. Let 〈M , F, C,W 〉 be an internal model category. Then Ho(M ) and
∗Ho(M ) are canonically isomorphic.
Proof. By the universal property of localization, the canonical functor M −→ ∗Ho(M )
factors uniquely as M −→ Ho(M )
F
−→ ∗Ho(M ), where F is the identity on objects.
We claim that F is also fully faithful. For this, let A and X be arbitrary objects of
M . The diagrams RQA←− QA −→ A and RQX ←− QX −→ X give isomorphisms in
Ho(M ) and ∗Ho(M ), so by composing with them we can assume without loss of generality
that A and X are both fibrant and cofibrant. It is a well known fact that in this case
MorHo(M )(A,X) = pi(A,X), and the theorem follows from this fact, its transferred version
and 3.4.
q.e.d.
4. Internal Simplicial Sets
Let ∆ be the simplicial category, i.e. the category whose objects are the finite ordinals
[n] = {0, 1, . . . , n} for n ∈ N0 and whose morphisms are monotonic maps; this is of course
a U1-small category, and it follows immediately by transfer that ∗∆ has objects [n] for
n ∈ ∗N0 and again monotonic maps as morphisms.
The category ∆-Sets of simplicial sets is by definition the category of functors X• :
∆op −→ Sets , [n] 7→ Xn, and for a set U, we denote by ∆-Sets
U the full subcategory of
∆-Sets of functors X• with Xn ∈ U for all n ∈ N0.
∆-SetsU0 is obviously U1-small, and we put ∗∆-Sets := ∗∆-Sets
U0 and call the resulting
*category the category of *simplicial sets.
It is clear that ∗∆-Sets is the category of internal functors X• from ∗∆op to the category
of ∗U0-sets with internal maps as morphisms, and we use the term internal simplicial set
as a synonym for “*simplicial set”.
4.1. Definition. The functor ∗ : ∆ −→ ∗∆ (which is the identity on objects and mor-
phisms and obviously a full embedding) induces by composition a canonical “restriction”
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functor ∗∆-Sets −→ ∆-Sets , which “cuts off” the infinite part of an internal simplicial
set. We denote this functor by res.
Recall that there is an adjunction 〈|.|, Sing , ϕ〉 from ∆-Sets to Top, the category of
topological spaces, in terms of which ∆-Sets can be given a model structure by setting
• W :=
{
w : X• −→ Y•
∣∣ |w| : |X•| −→ |Y•| is a weak homotopy equivalence},
• F :=
{
f : X• −→ Y•
∣∣∣ ∀n ∈ N+ : ∀0 ≤ k ≤ n : ∀x0, . . . , xk−1, xk+1, . . . , xn ∈
Xn−1 : ∀y ∈ Yn :([
∀0 ≤ i < j ≤ n : i 6= k 6= j =⇒ δj−1xi = δ
ixj
]
∧
[
∀i ∈ [n] \ {k} : δiy =
fxi
])
=⇒
∃x ∈ Xn : px = y ∧ ∀i ∈ [n] \ {k} : δ
ix = xi
}
,
• C :=
{
c : X• −→ Y•
∣∣ cn : Xn −→ Yn is injective for all n ∈ N0}.
Furthermore, there is a model structure on Top that turns 〈|.|, Sing , ϕ〉 : ∆-Sets −→
Top into a Quillen functor (which induces an equivalence on the associated homotopy
categories).
By restricting to ∆-SetsU0 and TopU0 (the category of topological spaces whose un-
derlying sets are U0-small), we get a model structure on ∆-Sets
U0 and a Quillen functor
∆-SetsU0 −→ TopU0 and hence an internal model structure on ∗∆-Sets and an internal
Quillen functor ∗∆-Sets −→ ∗TopU0.
For n ∈ N0 and i ∈ [n + 1], d
i : [n] −→ [n+ 1] denotes the unique injective monotonic
map whose image is [n + 1] \ {i}, and for n ∈ N0 and i ∈ [n], s
i : [n + 1] −→ [n] de-
notes the unique surjective monotonic map with si(i) = si(i+ 1), for a simplicial set X•,
δi : Xn+1 −→ Xn denotes X(d
i), and σi : Xn −→ Xn+1 denotes X(s
i).
4.2. Proposition. The functor res : ∗∆-Sets −→ ∆-Sets respects F , C and the terminal,
the initial and fibrant and cofibrant objects.
Proof. Since F and C for ∆-Sets are defined by first order formulas, the same formulas de-
fine F and C for ∗∆-Sets (except that N+ and N0 have to be replaced by ∗N+ respectively
∗
N0). This shows that res respects F and C.
The terminal object of ∆-Sets is the simplicial set ∗• with ∗n = {∗} for all n ∈ N0,
so the terminal object of ∗∆-Sets is the internal simplicial set ∗∗• with ∗∗n = {∗} for all
n ∈ ∗N0, which is clearly mapped to ∗• under res. Similarly, the initial object of ∆-Sets
is the constant simplicial set ∅• with ∅n = ∅ for all n ∈ N0, the initial internal simplicial
set is ∗∅• with
∗∅n = ∅ for all n ∈
∗
N0, and again res
∗∅• = ∅• holds trivially.
Thus by definition of “fibrant” and “cofibrant”, the rest of the proposition follows as
well.
q.e.d.
Recall the following definitions and results from [Kan58] for simplicial sets:
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• If X• is fibrant and n ∈ N0, then there is an equivalence relation ∼ on Xn defined
by putting y ∼ z if and only if

∃x ∈ X1 : δ
0x = y ∧ δ1x = z , n = 0
[
∀0 ≤ i ≤ n : δiy = δiz
]
∧ ∃x ∈ Xn+1 : δ
ix =


σn−1δiy , 0 ≤ i ≤ n
y , i = n
z , i = n+ 1

 , n ≥ 1
• A simplicial set with base point is a pair 〈X•, x〉, where X• is a simplicial set
and x ∈ X0. A morphism 〈X•, x〉 −→ 〈Y•, y〉 of simplicial sets with base points
is a morphism F : X• −→ Y• of simplicial sets with f0(x) = y. We denote the
resulting category by ∆-Sets+.
• For a fibrant simplicial set with base point 〈X•, x〉 and n ∈ N0, define the n-th
simplicial homotopy set of 〈X•, x〉 as p˜in(X•, x) := In/ ∼, where
Xn ⊇ In :=


X0 , n = 0{
y ∈ X1
∣∣ δ0y = δ1y = x} , n = 1{
y ∈ Xn
∣∣ ∀0 ≤ i ≤ n : δiy = σn−2 . . . σ0x} , n ≥ 2.
The set p˜i0(X•, x) is pointed by x¯, and for n ≥ 1, p˜in(X•, x) is a group, the n-th
simplicial homotopy group of 〈X, x〉, whose multiplication is given as follows: Let
y, y′ ∈ In. Since X• is fibrant, there exists z ∈ Xn+1 satisfying
δn−1z = y ∧ δn+1z = y′ ∧ ∀0 ≤ i ≤ n− 2 : δiz = σn−1 . . . σ0x.
Put y · y′ := δnz ∈ p˜in(X, x).
• If f• : 〈X•, x〉 −→ 〈Y•, y〉 is a morphism of fibrant simplicial sets with base points,
then fn : Xn −→ Yn induces a map p˜in(f) : p˜in(X•, x) −→ p˜in(Y•, y) for all n ∈ N0
which is a morphism of pointed sets for n = 0 and a group homomorphism for
n ≥ 1. In this way, we get functors p˜in from the full subcategory of ∆-Sets
+ of
fibrant objects to the category of pointed sets (for n = 0) respectively the cate-
gory of groups (for n ≥ 1).
• If 〈X•, x〉 is an arbitrary object of ∆-Sets
+, the n-th homotopy set respectively
group is defined as pin(X•, x) := pin(|X•|, |x|) for n ∈ N0, so pin defines a functor
from ∆-Sets+ to the category of pointed sets respectively groups. This functor
— when restricted to the full subcategory of fibrant objects — is canonically iso-
morphic to the functor p˜in for all n ∈ N0.
• A sequence of morphisms in ∆-Sets+
〈F•, f〉
q• // 〈E•, e〉
p• // 〈B•, b〉
is called a fibre sequence if
– p ∈ F ∧ ∀n ∈ N0 : pn is surjective,
– q ∈ C and
– ∀n ∈ N0 : qn(Fn) =
{
p−10 (b) , n = 0
p−1n (σ
n−1 . . . σ0b) , n ≥ 1
A fibre sequence as above functorially defines a long exact sequence
. . .
pin+1(p•)
−−−−−→ pin+1(B•, b)
δ
−→ pin(F•, f)
pin(q•)
−−−→ pin(E•, e)
pin(p•)
−−−→ pin(B•, b)
δ
−→ . . .
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of groups respectively pointed sets.
• There is an endofunctor Ex∞ of ∆-Sets and a natural transformation ex∞ :
1∆-Sets −→ Ex
∞ with the following properties:
– Ex∞X• is fibrant for all simplicial sets X•,
– ex∞ : X• −→ Ex
∞X• is in W for all simplicial sets X•.
– If
〈F•, f〉
q• // 〈E•, e〉
p• // 〈B•, b〉
is a fibre sequence, then
〈Ex∞F•, ex
∞(f)〉
Ex∞q•// 〈Ex∞E•, ex
∞(e)〉
Ex∞p•// 〈Ex∞B•, ex
∞(b)〉
is also a fibre sequence.
These notions can be restricted to ∆-SetsU0 and then enlarged to ∗∆-Sets , i.e. we have
the category ∗∆-Sets+ of internal simplicial sets with base points, internal (simplicial)
homotopy functors ∗pin and
∗p˜in (for n ∈
∗
N0) and internal fibred sequences as well as
∗Ex∞ and ∗ex∞ with analogous properties.
Note that res : ∗∆-Sets −→ ∆-Sets induces a functor res : ∗∆-Sets+ −→ ∆-Sets+ by
sending the internal base point to itself.
4.3. Theorem. There is a canonical natural transformation ϕn : pin ◦ res =⇒
∗pin of
functors from ∗∆-Sets+ to groups respectively sets for all n ∈ N0. Moreover, if
〈F•, f〉
q• // 〈E•, e〉
p• // 〈B•, b〉
is an internal fibre sequence, then
〈res F•, f〉
res q• // 〈res E•, e〉
res p• // 〈res B•, b〉
is a fibre sequence and
pin+1(res B•, b)
∗δ //
ϕn+1

pin(res F•, f)
ϕn

∗pin(B•, b)
δ
// ∗pin(F•, f)
commutes for all n ∈ N0.
Proof. Let 〈X•, x〉 be an object of
∗∆-Sets+. Then on the one hand, we have canonical
isomorphisms
αn :
∗pin(X•, x)
∗pin(∗ex∞)
∼
// ∗pin(
∗Ex∞X•,
∗ex∞x)
∼
// ∗p˜in(
∗Ex∞X•,
∗ex∞x)
for all n ∈ ∗N0, on the other hand res Ex
∞X• is fibrant by 4.2, so we get morphisms
βn : pin(res X•, x)
pin(res∗ex∞) // pin(res
∗Ex∞X•,
∗ex∞x)
∼
// p˜in(res
∗Ex∞X•,
∗ex∞x)
for all n ∈ N0. But the definition of the n-th simplicial homotopy set respectively group
of a simplicial set with base point 〈Y•, y〉 is obviously first order and only depends on the
restriction of Y to the full subcategory of ∆ with objects {[0], [1], . . . , [n+ 1]}, so that
p˜in(res
∗Ex∞X•,
∗ex∞x) = ∗p˜in(
∗Ex∞X•,
∗ex∞x)
for n ∈ N0. Putting everything together, we can define ϕn := α
−1
n βn, and this is clearly
functorial and hence defines a natural transformation.
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That res maps internal fibre sequences to fibre sequences is clear from 4.2 and the
definition of “fibre sequence”. So the last part of the theorem follows from the fact that
Ex∞ respects fibre sequences and from the construction of ϕn.
q.e.d.
5. Nonstandard K-Theory
Recall the notion of an exact category from [Qui73]:
Let M be a small additive category, and let E be a set of composable pairs 〈M ′
i
−→
M,M
j
−→M ′′〉 of morphisms in M . A morphism i in M is called an admissible monomor-
phism if there is a morphism j in M with 〈i, j〉 ∈ E , and j ∈ MorM is called an admissible
epimorphism if there exists i ∈ MorM with 〈i, j〉 ∈ E .
The pair 〈M ,E〉 is a (small) exact category if the following conditions are satisfied:
• If
M ′
i //
α ≀

M
j //
β ≀

M ′′
γ ≀

N ′
i˜
// N
j˜
// N ′′
is a commutative diagram in M with 〈i, j〉 ∈ E , then 〈˜i, j˜〉 ∈ E ,
• for all objects M ′, M ′′ of M ,〈
M ′
(1M′ ,0)−−−−→M ′ ⊕M ′′,M ′ ⊕M ′′
pr2−−→M ′′
〉
∈ E ,
• for all 〈i, j〉 ∈ E , i is a kernel of j, and j is a cokernel of i,
• the set of admissible epimorphisms is closed under composition,
• the set of admissible monomorphisms is closed under composition,
• pullbacks of admissible epimorphisms along arbitrary morphisms exist in M and
are again admissible epimorphisms,
• pushouts of admissible monomorphisms along arbitrary morphisms exist in M
and are again admissible monomorphisms,
• Let M
j
−→ M ′′ be a morphism in M which has a kernel. If there is a morphism
N
β
−→M in M such that jβ is an admissible epimorphism, then j is an admissible
epimorphism,
• Let M ′
i
−→ M be a morphism in M which has a cokernel. If there is a morphism
M
β
−→ N in M such that βi is an admissible monomorphism, then i is an admis-
sible monomorphism.
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Recall further that an exact functor between exact categories 〈M ,E〉 and 〈M ′,E ′〉 is
an additive functor F : M −→ M ′ with
∀〈i, j〉 ∈ E : 〈Fi, F j〉 ∈ E ′,
and a natural transformation between exact functors is just a natural transformation in
the ordinary sense.
Note that if A is an abelian category, then 〈A ,E〉 is exact with
E :=
{
(i, j)
∣∣∣ 0 −→ A′ i−→ A j−→ B′′ −→ 0 exact} ,
and if not stated otherwise, an abelian category is always considered as an exact category
in this way.
5.1. Definition. Call an exact category 〈M ,E〉 U1-small if M , the underlying additive
category, is U1-small, and let ExCat
U1 be the 2-category with U1-small exact categories
as objects, exact functors as morphisms and natural transformations as 2-cells.
ExCat U1 is obviously U2-small and hence an object of 2-Cat
U2. Put ∗ExCat :=
∗[ExCat U1]. This is an object of 2-∗Cat and hence by definition an internal 2-category —
call its objects ∗exact categories, its morphisms *exact functors and its 2-cells *natural
transformations.
5.2. Proposition. ∗ExCat is the 2-category having U2-small internal exact categories
as objects, internal exact functors as morphisms and internal natural transformations as
2-cells.
Proof. Since the conditions defining an exact category are all first order, this is completely
analogous to the proof of 3.2. q.e.d.
By definition, the Quillen category Q〈M ,E〉 (also simply denoted by QM if the set
E is understood) associated to an exact category 〈M ,E〉 is the categories whose objects
are the objects of M and whose morphisms from M to M ′ are isomorphism classes of
diagrams
(j, i) : M
j
←− N
i
−→ M ′
in M with an admissible epimorphism j and an admissible monomorphism i, where two
diagrams (j, i) and (j˜, i˜) are isomorphic if there is a commutative diagram
N˜j˜
wwnnn
nn
nn i˜
((PP
PP
PP
P
β≀

M M ′
N
j
hhQQQQQQQ
i
66mmmmmmm
in M with an isomorphism β. Composition of morphisms M
j
←− N
i
−→ M ′ and M ′
j′
←−
N ′
i′
−→ M ′′ is defined as (jj′′, i′i′′) : M −→ M ′′, where j′′ : M ′′ −→ N is a pullback of j′
along i and i′′ : M ′′ −→ N ′ is the corresponding projection
M ′′
j′′

i′′ //

N ′
i′ //
j′

M ′′
N
j

i
// M ′
M
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(it follows from the axioms for an exact category that i′′ and j′′ are an admissible monomor-
phism respectively epimorphism).
In this way, we get the Quillen 2-functor Q : ExCat −→ 1-Cat , 〈M ,E〉 7→ Q〈M ,E〉,
and by transfer the *Quillen 2-functor ∗Q : ∗ExCat −→ 1-∗Cat from internal exact
categories to internal categories.
5.3. Lemma. Let 〈M ,E〉 be an internal exact category. Then QM and ∗QM are canon-
ically isomorphic.
Proof. This follows immediately from the fact that the definition of morphisms and their
composition in QM is obviously first order. q.e.d.
Recall that the nerve of a small category C is the simplicial set NC •, where NCn is the
set of sequences
X0
f0
−→ X1
f1
−→ . . .
fn−1
−−→ Xn
in C and where δi (respectively σi) is obtained by deleting the object Xi (respectively
replacing Xi by Xi
1Xi−−→ Xi) in the evident way. If F : C −→ C ′ is a functor, we obviously
get an induced morphism of simplicial sets NF : NC −→ NC ′ between the nerves.
By transfer, we define the notion of the *nerve ∗NC of an internal category C , which
is a *simplicial set.
5.4. Lemma. If C is an internal category, then res(∗NC ) = NC , and if F : C −→ D is an
internal functor between internal categories, then res(∗NF) = NF.
Proof. This is obvious from the definition of the nerve. q.e.d.
Let 〈M ,E〉 be a small exact category, and let n ∈ N0. Then the n-th K-group of M is
defined as
Kn(M ) := pin+1
(
NQM , 0
)
(this is abelian even for n = 0), and by transfer, for n ∈ ∗N0, the n-th
∗K-group of an
internal exact category 〈M ,E〉 is
∗Kn(M ) :=
∗pin+1
(
∗N∗QM , 0
)
.
Let A be a (small) abelian category, and let B ⊆ A be a Serre subcategory, i.e. a full
abelian subcategory such that for every short exact sequence
0 −→ A′ −→ A −→ A′′ −→ 0
in A , A is in B if and only if A′ and A′′ are both in B . Recall that in this situation, A/B
is the abelian category whose objects are the objects of A and whose morphisms from A
to A′ are represented by diagrams in A of the form
(σ, ϕ) : A
σ
←− C
ϕ
−→ A′
with kernel and cokernel of σ in B , where another diagram
(σ′, ϕ′) : A
σ′
←− C ′
ϕ′
−→ A′
represents the same morphism if and only if there is a commutative diagram
C
σ
~~}}
}}
}}
}} ϕ
!!B
BB
BB
BB
B
A C ′′
σ′′oo ϕ
′′
//
τ
OO
τ ′

A′
C ′
σ′
``AAAAAAAA ϕ′
==||||||||
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in A where τ , τ ′ and σ′′ have kernel and cokernel in B . The composition of two morphisms
[A
σ
←− C
ϕ
−→ A′] and [A′
σ′
←− C ′
ϕ′
−→ A′′] is represented by (σσ′′, ϕ′ϕ′′), where σ′′ is the
pullback of σ′ along ϕ and ϕ′′ is the corresponding projection:
A C

σoo
ϕ

C ′′
σ′′oo
ϕ′′

A′ C ′
σ′
oo
ϕ′

A′′.
(One can easily check that this is well defined.)
The canonical exact functor F : A −→ A/B has the property that an object B of A
is in B if and only if FB is isomorphic to 0 in A/B , and if F ′ : A −→ A ′ is an exact
functor between abelian categories satisfying F ′B ∼= 0 for all objects B of B , then F ′
factors uniquely over F .
By transfer, the *quotient A ∗/ B of a *abelian category A by a *Serre subcategory B
is also defined.
5.5. Lemma. Let B be a *Serre subcategory of an internal abelian category A . Then B
is a Serre subcategory of A , and the abelian categories A/B and A ∗/ B are canonically
isomorphic.
Proof. This is again obvious, because both the definitions of ”Serre subcategory” and of
”quotient by a Serre subcategory” are obviously first order. q.e.d.
The localization theorem in (higher) algebraic K-theory states that if B is a Serre
subcategory of an abelian category A , then
NQB
•
−→ NQA
•
−→ NQ(A/B)
•
is a fibre sequence and hence induces a long exact sequence of K-groups
. . . −→ Kn+1(A/B)
δ
−→ Kn(B) −→ Kn(A) −→ Kn(A/B) −→ . . . .
Furthermore, if B ′ is a Serre subcategory of A ′ and if F : A −→ A ′ is an exact functor
that maps B to B ′, then F induces a morphism of fibre sequences
NQB
•
//
NQF

NQA
•
//
NQF

NQ(A/B)
•
NQF

NQB ′
•
// NQA ′
•
// NQ(A ′/B ′)
•
.
5.6. Theorem. For an internal exact category M and i ∈ N0, there are canonical group
homomorphisms N˜ : Ki(M ) −→ ∗Ki(M ) which are functorial in M in the following
sense:
• If F : M −→ M ′ is an internal exact functor between internal exact categories,
then the diagram
∗Kn(M )
∗Kn(F ) // ∗Kn(M ′)
Kn(M )
N˜
OO
Kn(F )
// Kn(M ′)
N˜
OO
commutes for every n ∈ N0.
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• If B is a *Serre subcategory of an internal abelian category A , then the diagram
∗Kn+1(A/B)
δ // ∗Kn(B)
Kn+1(A/B)
N˜
OO
δ
// Kn(B)
N˜
OO
commutes for all i ∈ N0.
Proof. By 5.3 and 5.4, the simplicial set NQM is functorially isomorphic to res ∗N∗QM ,
so we can apply 4.3 and define N˜ by
N˜ : Kn(M ) = pin+1(NQM , 0) = pin+1(res
∗N∗QM , 0)
ϕn+1
−−−→ ∗pin+1(
∗N∗QM , 0) = ∗Kn(M )
for n ∈ N0. The functoriality of N˜ follows from the functoriality of ϕn proven in 4.3.
q.e.d.
5.7. Corollary. Let k be an internal field. Then there is a canonical morphism of functors
N : Kn() −→
∗Kn() ◦N : (Sch
fp
k )
op
−→ Ab
for all n ∈ N0, i.e. for every k-scheme of finite type X and every n ∈ N0, there is a
canonical group homomorphism
N : Kn(X) −→
∗Kn(N X)
which is functorial in X .
Proof. For a k-scheme of finite type X , denote the category of vector bundles of finite
rank on X by PX . Then 〈PX ,E〉 is an exact category with
E :=
{
(i, j)
∣∣∣ 0 −→ A′ i−→ A j−→ B′′ −→ 0 exact in CohX} ,
and by definition Kn(X) := Kn(PX). Let ∗PX be the internal exact category of *vector
bundles of *finite rank on N X . We know from [BS07, 5.5] that N : CohX −→ ∗CohN X
restricts to an exact functor N : PX −→ ∗PN X , and if f : X ′ −→ X is a morphism of
k-schemes of finite type, then the functors N ◦ f ∗ and [N f ]∗ ◦N from PX to ∗PN X′ are
obviously canonically isomorphic.
This implies that we get functorial group homomorphisms Kn(X) −→ Kn(
∗PN X) for
all n ∈ N0, so we can define N as the composition
N : Kn(X) −→ Kn(
∗PN X)
N˜
−→ ∗Kn(
∗PN X) =
∗Kn(N X).
The functoriality of N˜ proven in 5.6 shows that N thus defined is functorial. q.e.d.
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